/ / D is a pseudo-functor plus an additional condition that holds for all X / / B in Cat. Thus, we obtain a single theorem which yields characterizations of certain exponentiable morphisms of small categories, topological spaces, locales, and posets.
Introduction
Exponentiable morphisms in the category Cat of small categories were characterized independently by Giraud [6] and Conduché [2] as those functors satisfying a factorization lifting property now known as the Giraud-Conduché condition. Exponentiable morphisms in the category Top of topological spaces were characterized by the author in [14] (see also [15, 16, 17] ) as those satisfying a somewhat technical condition (see Lemma 4.1 below) which was used to show that the inclusion of a subspace of B is exponentiable if and only if it is locally closed, and also to establish the exponentiability of perfect maps as well as locally compact spaces over a locally Hausdorff base.
The obstruction to exponentiability in each of these two categories is quite different. In Cat, the Giraud-Conduché condition is used to define composition of morphisms in the category that serves as the exponential, and the unit and counit follow. Whereas in Top, one can always define a candidate for the exponential for which the unit is continuous, but the extra condition is needed for the continuity of the counit.
There is a more recent characterization of exponentiability in Cat. In a 1986 handwritten manuscript, referenced in his 2001 unpublished note [23] , Street used the equivalence (attributed to Bénabou) between Cat/B and a category Lax N (B, P rof ) to show that a functor Y / / B is exponentiable if and only if the corresponding normal lax functor B / / P rof is a pseudo-functor. Objects of Lax N (B, P rof ) are normal lax functors from B to the bicategory P rof of small categories and profunctors, and morphisms of Lax N (B, P rof ) are functor-valued lax transformations. Thus, Bénabou's equivalence can by viewed as taking place in the realm of double categories (in the sense of [4] or [7] ). In particular, for a double category D, we can consider the category Lax N (B, D) whose objects are vertical normal lax functors and morphisms are horizontal lax transformations.
In [19] , we established the equivalence between Lax N (B, D) and D 0 /Γ B 1, for certain double categories D, in the case where B is a finite poset and the constant functor D 0 / / Lax N (B, D) admits a left adjoint Γ B . When B = 2, we know Γ B 1 = 2 in Cat and Pos. It is the Sierpinski space 2 in Top and the Sierpinski locale S in Loc. The poset B = 2 was also used in [19] to define open and closed inclusions in D 0 and obtain a general construction of exponentials for locally closed inclusions over an arbitrary base, which we then applied to Cat, Top, Loc, and Pos. Using the equivalence established in [19] , we thus obtain a characterization of exponentiability in D 0 /Γ B 1, for a general poset B, which applies to Cat, Pos, Top, and Loc, with the additional assumption that B is finite in the latter two cases. Note that every vertical morphism is exponentiable in D 1 , when D is Cat or Pos.
We proceed as follows. In Section 2, we recall the definition of double category, and introduce zero objects as well as the double categories that will be considered throughout. The definition of Lax N (B, D) and the characterization of its exponentiable objects are presented in Section 3. We conclude, in Section 4, by characterizing exponentiable objects of D 1 , for the two remaining cases, namely, Top and Loc.
The author would like to thank the referee for carefully reading the preliminary versions of this paper and providing useful suggestions and corrections.
Double Categories
A double category D is a weak internal category 
Composition of morphisms and identities are defined horizontally in D 0 and vertically using c and ∆, respectively. Cell composition is given horizontally in D 1 and vertically via c. Cells in which the horizontal morphisms are identities are called special cells.
There are five double categories of interest in this paper.
(E1) Cat has small categories as objects, functors and profunctors as horizontal and vertical morphisms, respectively, and natural transformations m / / n(f 0 −, f 1 −) as cells of the form (1).
(E2) Top has topological spaces as objects and continuous maps as horizontal morphisms. Vertical morphisms m: X 0
Proof. Since (2) is a pushout when X is a functor, it follows that such a diagram is a pushout if and only if there is an isomorphism from X to the corresponding functor
• X 2 such that the cells X 01 / / X 01 and X 12 / / X 12 are identities if and only if X is a pseudo-functor.
3.2. Lemma. If D has a zero object and A is a subposet of B, then the restriction functor
and let (L A X) bc be the unique vertical morphism to or from 0, otherwise. That L A X is a normal lax functor follows directly from the definition of zero object, and the result easily follows.
We will use the following notation for the functors L A and ( ) A in some special cases. 
Note that if D 0 has chosen products, we do not necessarily know that we can take (X × Y ) b to be the chosen product. However, we will assume D is horizontally invariant, in the sense of [7] , and then this problem disappears. The five double categories (E1)-(E5) of interest all have companions and conjoints, and hence are horizontally invariant.
Given b < c < d, we have cells
bd · X bc followed by the comparison cell X bd · X bc / / X bd , and π 2 θ bcd is defined similarly.
We will say − × Y bcd preserves pseudo-functors if θ bcd is invertible, whenever X is a pseudo-functor in Lax N ({b, c, d}, D). In the case where B is the 3-element totally-ordered set 3 = {0, 1, 2}, we will say − × Y preserves pseudo-functors, when − × Y 012 does.
Note that if Y bcd preserves pseudo-functors, for all b < c < d, then Y itself is necessarily a pseudo-functor, provided that Lax N (B, D) has a pseudo-functorial terminal object, e.g., D has a double terminal (in the sense of [7] ). This is the case for the five double categories under consideration. Proof. Suppose (i), (ii), and (iii) hold. By the remark following Lemma 3.2, we know
where the third bijection follows from the isomorphism 0
, and by horizontal invariance, we can assume these isomorphisms are equalities.
Consider the exponential Z
becomes a lax functor 3 / / D via the cell on the left which corresponds to the diagram on the right by exponentiability of
where there is a cell in the left rectangle of the right diagram, since − × Y preserves pseudo-functors. Note that we are applying the latter to the pseudo-functor b → Z 
is a pushout, by Lemma 3.1. Since − × Y preserves pushouts, it follows that
is a pushout, as well, and the desired result follows.
Note that the obstruction to extending the above proof to a general poset B is that the construction b → Z Y b b may not be a lax functor since the coherence condition relative to associativity need not hold. We will see that this is not a problem in Cat, or for certain double categories including the other four of interest here. Using Bénabou's equivalence Lax N (B, Cat) ≃ Cat/B, the fact that (i) and (ii) always hold, and − × Y bcd preserves pseudo-functors, for all pseudo-functors Y : B / / Cat, we get Street's characterization [23] , as a consequence of Theorem 3.3 as follows.
Corollary. A functor Y
/ / B is exponentiable in Cat if and only if the corresponding vertical normal lax functor B / / Cat is a pseudo-functor.
, for all functors f : 3 / / B, since pulling back along f preserves exponentiability. Thus, the corresponding normal lax functor, denoted via abuse of notation by Y f : 3 / / Cat, is exponentiable in Lax N (3, Cat), and hence, satisfies (iii) of Theorem 3.3. Since Cat has a double terminal object, it follows that that Y f is a pseudo-functor, and so B / / Cat is as well.
Conversely, suppose the corresponding vertical normal lax functor Y : B / / Cat is a pseudo-functor. Then so is Y f : 3 / / Cat, for all f : 3 / / B. Since (i) and (ii) of Theorem 3.3 hold, in any case, and every pseudo-functor satisfies (iii), it follows that Y f is exponentiable in Lax N (3, Cat) . To see that Y is exponentiable in Lax N 
Unravelling the proof of Theorem 3.3, the comparison cells
where ϕ and ψ are the comparison cells for Y and Z, respectively, and so coherence easily follows.
Next, we prove a corollary that gives exponentiability results for Pos, Top, Loc, and Rel. First, we recall (from [7] ) a property of double categories which is shared by these four examples and eliminates the coherence problem in the general version of Theorem 3.3.
A double category D is called flat if its cells are determined by their domains and codomains. In this case, there is at most one cell
for all f 0 , m, n, f 1 . b , as defined in Theorem 3.3. Since D is flat, this construction is coherent relative to associativity. Thus, we get a normal lax functor B / / D, and it follows that Y : B / / D is exponentiable in Lax N (B, D) . Lax N (B, D) . Then, by an argument analogous to the one proving (Z N (3, D) , for all b < c < d, and the desired result follows.
When B is a poset, Bénabou's equivalence is easily seen to restrict to Pos, yielding Lax N (B, Pos) ≃ Pos/B. As in Cat, we know (i) and (ii) always hold (see [16] ), and −×Y bcd preserves pseudo-functors, for all pseudo-functors Y : B / / Pos. Applying Corollary 3.5, we get: In the next section, we will characterize exponentiability in Top 1 and Loc 1 , to get more complete versions of Corollaries 3.7 and 3.8. In fact, in both cases, we will also show that − × n bcd preserves pseudo-functors, for all b < c < d, whenever n is a pseudo-functor such that n bc : Y b / / • Y c is exponentiable, for all b ≤ c. Now, we will use Lemma 3.1 to characterize pseudo-functors, when Γ/B is an equivalence of categories. As noted earlier, Pos satisfies this condition for any poset B. Also, Top and Loc do when B is finite, and Cat does for any small category B. Our proof below, assumes B is a poset, but can be adapted to apply to Cat for a general B.
Suppose B is a poset and n: B / / D. We adopt the following abuse of notation. Given 
in D 0 , for all b < c < d. We conclude this section by turning our attention to Rel. In this case, the functor Γ/B: Lax N (B, Rel) / / Rel 0 /Γ B 1 is not an equivalence unless B = 1, since it is not difficult to show that Γ B 1 is a one-point set so that Rel 0 /Γ B 1 ∼ = Set. Thus, the theorem from [19] does not apply. However, Lax N (B, Rel) is equivalent to the category Pos d /B of posets with discrete fibers over B (see [18] ), and Rel 1 is easily seen to be cartesian closed. Applying Corollary 3.5, we get: N (B, Top) , and so the projection X / / B is continuous. Thus, we get Γ B : Lax N (B, Top) / / Top, which is left adjoint to the constant functor and induces an equivalence Γ/B: Lax N (B, Top) / / Top/B, whose pseudo-inverse is defined as follows (see [19] for details). Since n is a pseudo-functor, we know that n bd = n cd n bc , and so n Proof. Suppose {U α } is directed, and consider nU α ⊆ n ( U α ). Now, O(Y 1 ) is a continuous lattice, since pulling back preserves exponentiability, and so given y 1 ∈ n ( U α ), there exists V 1 ∈ O(Y 1 ) such that y 1 ∈ V 1 << n ( U α ). Since q is exponentiable, applying Lemma 4.1 with B = 2, there exists
, and so n ( U α ) ∈ H 1 . Since H is fiberwise Scott open, we know U α ∈ H 0 , and so U α ∈ H 0 , for some α. Also, W 0 ⊆ U α , since W 0 ⊆ ∩H 0 . Thus, y 1 ∈ W 1 ⊆ nW 0 ⊆ nU α ⊆ nU α , and it follows that n ( U α ) ⊆ nU α , as desired. 
for each b < c, since n bc is exponentiable in Top 1 . Applying Γ/B to the associated morphismn × n / / 2 in Lax N (B, Top), the desired result follows.
To generalize continuity to vertical morphisms in Top and Loc, we first note that there is a connection between the way-below relation and the Scott topology ΣL on L, namely, u << v if and only if there exists H ∈ ΣL such that v ∈ H and u ≤ ∧H (since u << v, for all u ≤ ∧H and v ∈ H). It is this condition that we generalize.
Suppose
Although n is not necessarily continuous in the Scott topology, i.e., n Given u 1 , v 1 ∈ L 1 and H 0 ∈ ΣL 0 , we say u 1 is way below v 1 relative to H 0 , written 
Conversely, suppose n:
is doubly continuous. We will show that q: Y / / 2 satisfies Lemma 4.1(c).
In [9] , Hyland showed that a locale L is exponentiable in Loc if and only if L is locally compact (i.e., a continuous lattice) if and only if the exponential S Y exists in Loc, where S denotes the Sierpinski locale. This result is constructive so it applies to internal locales in any topos, in particular, in the topos Sh(B) of set-valued sheaves on the locale B. Moreover, Joyal and Tierney [12] showed that q → q * Ω L sets up an equivalence between Loc/B and the category Loc To see that U 0 << V 0 , suppose V 0 ⊆ ∪ A W α in O(Y 0 ). Since V 1 ⊆ n(V 0 ) ⊆ n(∪ A W α ) andnH 0 is Scott open, we know n(∪ A W α ) ∈nH 0 , and so ∪ A W α ∈ H 0 by definition ofn. Thus, ∪ F W α ∈ H 0 , for some finite F ⊆ A, and it follows that U 0 ⊆ ∪ F W α , as desired.
To see that U << V , suppose V ⊆ ∪ A W α in O(Y ). Then V 0 ⊆ ∪ A (W α ) 0 , and so U 0 ⊆ ∪ F 0 (W α ) 0 , for some finite F 0 ⊆ A, as above. Also, U 1 ⊆ ∪ F 1 (W α ) 1 , for some finite F 1 ⊆ A, since U 1 << H 0 V 1 . Taking F = F 0 ∪ F 1 , it follows that U ⊆ ∪ F W α , as desired.
